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09. LTI System in Differential Equation
In system engineering, the most common system a@sLii system and its
dynamic behaviour is described by the followindetiéntial equation:
a,y"(t)+a,y" )+ + aylt) + &, yit) (1)
=b u™(t)+b,_u™(t)+-.- +buf(t) + byu(t)

wherea, is constantk=0,1,...n, andb, is constant|=0,1,...m. Note that ifn>m then
the system is proper, i>m then the system is strictly proper, otherwisesystem is

improper ifn<m.

By taking the Laplace transform, the differentiquation (1) is transformed into

the following equation:

S"Y(s)- "y, =8Py, = = s — Y

+a,,(S7Y(9)- 8"y, — STy = s Vi) (2)
+--+ay(sY(s) - y,) + 2, Y(s)
= bm(SmU( ) s" u0 s 2u1 — T SUno _um—l)

+ bm_l(s U(s)-s™2u, —s™ %, — - - Su, 5 — um_z)

o+ (sU(s) - u,) + b, U (s)

where y, =y®¥(07) , k=0,1,...n-1, and u =u"(07) , 1=0,1,..m-1. After
rearranging (2), we have

(s"+a, .87+ +as+a,)¥(s)

= (b,s™ +-- +bys+by U (S) 41, " 4 1S4, ©)
wherer,, r,,--+, r,; are related to the initial valugsand u,. Let

P(s)=s"+a,,s"" +-+as+a, (4)

Q(s)=b,s™ +--+b;s+hy (5)

R(s)=r s +--+rs+r, (6)
then (3) can be rewritten as

Y(s)=Yo(s) + H(s] (s) (7
where

H(s)= %3 8)

V(=R 9)
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Taking the inverse Laplace transform of (7), itdrees
¥(t) = volt)+ v (t) (10)
where y(t)=£{Y(s}. yo(t)=£7{Y,(s} and y,(t)=£*{H (s (s}

If u(t)=0, the system is in free motion and its behavidepends on its initial

conditions y, , k=0,1,...n-1. Therefore, y(t)=y,(t), i.e., y,(t) represents the

system’s free motion.

If the system is initially ideled, i.e.y, = @or k=0,1,...n-1, then Yo(s):O
and y,(t)=0, which leads toy(t)=y,(t). If the system further encounters the
impulse inputu(t)=4t), thenU(s)=1 and Y(s) = H (s (s) + Y, (s) = H(s). Taking the
inverse Laplace transform yield&™{Y(s)} = £*{H(s)}} =h(t). In system engineering,
we call h(t) the impulse response. Note that the impulse respas obtained by
u(t)=4t) and under the conditiony, = fbrk=0,1,...n-1.

From the property of convolution in time, the Laggaransform oh(t)*u(t) is

H(s)U(s). Therefore, we have

¥.(t)= £{H (s (s =h(t)Cut) = | "h(t - T)u(r)dr (11)

and then (10) becomes

y{t)=yo(t)+ [, ht-7)u(r)ar (12)

which is the total response of the system in (1).

It is noticed that the response (12) implies thatgystem is not an LTI system.

It can be explained by the following case thatdpstem is excited by two inputg(t)

and u,(t) under the same initial conditiong, = for k=0,1,...n-1. The responses
are

,(t)= Hlu (O] = yo )+ [ it - 7)uy (r)dz (13)

¥2(t) = Hlu, ()] = yo (6) + [ h(t - 7)u,(r)d7 (14)

Now, if the system is excited by the sum of the tmputs, i.e.,us(t)=u,(t)+u,(t), the

output is
ya(t) = Hlu () + u, ()] = vo(t) + [ Dt - 7)u(r) +u, (e))ar (15)
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It is quite clear that
Y3(t) 7 Y1(t)+ Y, (t) (16)
Hence, the system (1) is not an LTI system sinaoésn’'t satisfy the superposition

unless y,(t) is negligible.

Fortunately, a system is usually designed to bbleta.e., the roots of the
characteristic equatioR(s)=0 are all possessed of negative real part,loeated in

the left half complex plane. According to the Fimalue theorem, we have

M =tinsv,(s)]= ’T{;J 0 (17)

Obviously, ag - c we can neglectyo(t) and obtain the output as

y(t)= v.(t)= [ ht-r)u(r)dz (18)
which indeed is an LTI system. The frequency respas

Y(s)=H (s (s) (19)

In system engineering, we call this kind of systes incrementally linear

yo(t)Lw, :'B_l Yo S

time-invariant system.

If a system is only excited by impulse input)=At), then from (7) its output is
given as
y{t) = vo(t) + h(t) (20)
which implies y(0) = y,(0) and y(0*)=y,(0")+h(0*). In other words, we obtain an

abruptly change at the initial time singg0" ) # y(0). That is why we don't want the

system to face any impulse-like signal, called timse, since it will leads to

undesired and uncomfortable change in the system.

Exercise

Find the output of the following system:
(A)  y(t)+2y(t)=u(t), where y(0)=1 and u(t)=cost for t=0.

(8)  y{t)+3y(t)+2y(t) =ult)-ult),
where y(0)=0, y(0)=1 and u(t)=cost fort=0.
)

(0
(©)  ylt)+2y(t)+2y(t) = u(t),
y(0

where y(0)=0 )=1 and uft)=cost fort=0.
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Exercise:
Find the output of the following system:
(A y(t)+3y(t)+2y(t) =ult) +ult),
where y(0)=0, y(0)=1 and u(t)=cost fort=0.
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FleRid A8 T mAT %
(4 2 FH] ¥ A = A

A3 fRAEE Y 0 ¥ ek 2 423% (Ordinary Differential Equationj_s 47 # i %

SR T R hEE 12 > HEE 4T
a,

y) + .,y () +- +ay(t) + ay(t)
= (m) (m-1) . 1)
= bmu (t)+ bm—lu (t)+ et blu(t).}. bOU(t)
PP gdcs Y() 0 - B AT Aoend g YOO ® & yOd k s o 2
Bea ¥ # o k=0,1,..n> F L4t a#0> 7

IR g B A e : no R
$5% 5 nigE g ODES @ u(t) & e fregy » UL+ - B3 7 deend i uO(t)

fE Ui Zpes o d b s 3L B0 10,1, m e 2 b, £0 A 4R B

LJ /L»

P R Eonemo U EE kSRS ik Si(proper system)

1345 ODE s 17 > 3 5 46 2 » U u(t) » RI(D)enf# y(O8e 2 5

oo m A
Fri- > AR R INBEyOAM s > 4 700 K@ hfg > AP 8 kK
P F R enif 2 4L 5 47 @ F © (initial conditions) 4T #rn
— . - (n-1) —
Y(to) = Yo, ¥lte) = Yaros Y (to) = Vo (2)
HoPot=ty 2 4 siendedn bl > iy BB W ALY R ikt o A PSRRI Ss

TR S B2 (50 T R U e 0 FR asl Y 4

f(t) = b,u™ (1) + b, u ™ (1) + - +byu(t) + bou(t) (3)
P17 2y 5

yO ) +a _yr () +-+a )+ ay(t) = £ (t) (4)

e f(t)s e 4vo fgtsv? o U FlRak i 1 § 4 2 % "monic”

g\,r‘,nﬁ _ TL” ,

B E IRt B > (e F APV B A AT B AR L A i PR o

£ i 2 E L & R

PRfRFEITH P B R o d I Py
# 4% (Laplace transform) i #i- 5 4= < f& 3k > if * 30— SehF BFfies > A2

; B =%

q_\ﬁ;n;g&/w\ﬁ” ?*“Ilﬁé/ﬁ.ﬁﬁipﬁﬂ)\mﬁ/}”ﬁ_,{\’x r"ﬁﬁ o* Ly -

HismnHE =
gﬁ."zg'ﬁﬂH chAE A LT ;ﬁ—*{gﬁp@ﬁ%»ﬁgufgmggi@, e

A A R BTT o

Bk & i
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AR FIRE

TR M) BF A 0 f T B G B o 2 (2)F M
B AR T AL - R Sl TR E R YO
ARG B4 m 5 M=t f2(homogeneous solution)rs 2 d ﬁi%l »oU(t) BT e
7k f#(particular solutiony # 77 ;% 4™

y(t) = vi () + v, (t) 5)

He y(t)s A= f3 > % &F 52 A= 2 #23% (homogeneous equatioh)

v () + e,y )+ + 8,y () +agy, () = 0 (6)
Aoy S B 5T
yo () +a, Yy )+ +ay, () +ay, (t) = £ () (7)

Ry o (6)f s~ u)m Mo ()X B~ 2B 5F -

R REEET»ZZBFE pARNWO)PE B 25 nipFfE
R HEO BFRNEIZ - BREMfE 28 F A1 A EE R R y(t)E 5P
kATl o AT AN B R JREAR TP o

B BRI (BRI AR O)FHL S o d S m B T
V()i ¥ ARARL 5 — Ak Sieh A F J‘l;f%ﬁi:ﬁ',ﬁi:yh(t): Ae" k4 o HY A
ST A#0- BF KDy e A 1y (1) = MR 0 58T 1k (6)
(I

A(A"+a, A"+ +a A +a,)e =0 (8)
d 3t A0 e 20> &

A"+a A"+ +ad+a,=0 9)
$b 38 (6)2 #F A 4258 (characteristic equation):  n B f2> £ 5 A~ A~ v Ay
# s FHciE (eigenvalue)y T HFRET i AR 2 Fai R 24 R o d HERD

B s 4 0 FI Bt LR BB S A D o 1 R

bR 2B R T AR OB T 0 ES  AC

k=1,2,...n" # @A E F 3 P iR A 2 $IE 0 %
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Hzid+x5 3
Yo (1) = Ae™ + A+ + A M (10)
B ABAT LR o

Vv AL ihk peAgde o A BRI R A Tl A

mIRL Rar o

FoORREEREN - B (e E > BT A R 0 20 7
R AT R EAE - uh)FU S B B EIRT O HARE )50 K
TR~ PAEY(OY, B (DT

v

¥
@

L
,
a,Y, =bU (11)
b,U
Vo(t)=Y, = ;0 (12)
4 (5) ~ (10)£2(12)= ;¢ ¥ 4

y(t): Aieﬁlt + Aze/‘zt P A]e/lnt +b0_U

(13)
G

,
&

I

RIS F = BREEEL 1Y (2 EiF o & - & x (13)7 ﬁis:]:' y(t)enk B F
Mk 38 RIF

A

V)= Act + At +s gt + B =y,
y(to) = Ai/‘leMO + Az/‘zeA2t0 +o+t AA,
yt

Ao —
e =y
)_ /‘2 Aitg + AZ Aot + + AZ Aty — (14)
o) = AAe A€ et AAETC =Y,

V' o) = AL + AL ok AR 2y,

- RN nBRGEA k=120 TR ERRESER -
- P ¥ HeA B ARsN

FFHF n=lch- 1 ODE- 2 41 * chiy » ¥ ot s wi)=W> o (4)7
B B e

y{t) +ay(t) = bl .

P

Y(to)=Yo, Tt (15)
?oy(to)=Yo & A7 B E i o *3;}7%»7»73"’ L 37 0 Y()F & G
y(t) = y.(t) + v, (t)

(16)
B Yoy ()is AL S AR e T
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Yh (t) +a,Y, (t) =0 (17)
HEFH AN E A+, =0 HFH i A=—a, > £ d (10)7 =

)= Ae™ (18)
Ho AL ER ¥ B EHEARRYWN) v kTN
yp(t)"' apr(t) =bU (19)
. u
Y=Y, 0 BIT W AR S yp(t):% %
y(t) = Ae™! +%J (20)

Bz B - B AEARL TS Y)Y kbR T

Y(to) = Ae + %J = Yo (21)

A: (yo —bO_UjeaOtO (22)
 x (20)7 & %

y(t)= (yo —%Jje'ao(t-to) +%’ 23)

B L (15) 2 fE o

& ODE ¥ »#F — £ 2= f2 y,(0)F M ehd A & JF il — % amnp o
¢ty ()= Aet o T f i e e B EAS0 BE oy, () et )
SR H e d F AT oo Ty, (o0) - 00 1 K 2 ¥ HACEAO BE oy, (1) Hte a t

00 7y, () = 05 5 ¥ BAEAOR ()= AL ¥ 7 §ERE RS -
R &

¥ AR BREAO By ()= AL §EF P h R foac > 4B 1A
7o PRipdp S i - BRIFETD T S T R AR
Foko Tyt =ke(t) ¥ B k=t AR L F H(ime

constanty # 7 ;% 40T

8/11



Signals and Systemgt 5

Yo (t+7) =€y, (t) = 03679, (t) (24)
ey (t)= A"t or 1 3w AST et (Aeh) s i T A L @ e
TAE-L o e R Y g

.

(25)
A

1
I =——
A
H (=% st LR E4.1-17 4o f PR S t=4riE > ¢ T 1 R £ ¢he =0.0183
B L9 11008 s F 0 S a1 FAM LT Lk hE B FP A t=47

AU ] T ko (e T foarhin g o

Y(t)
A

] t
W1
Bk SATZE Y o i ¥ HEA<O ek B G 4R %k Si(stable system) A>0 5k i
% 7 #2 %% i(unstable system)¥H4E € % im0 F 5 yh(oo) -0 &% ﬁk L y(t)

§UEF PR LR A bR Y ()& B B SRR o T — SR (o) B AR R B
2 £2 fi 5% (steady-state responsey =
y(e0) = yi(e0) + v, () = y, (1), (26)
LB o o (23)F Av PraciEA=—a<O0 > I

=

B3 oot ok 2 0 e LR

#ooT €0 tosoop o aed 00 LR P S

()= Y 27)
3
SRR T SRR P E) S
y(t) = (yo = y(eo))e™ ) + y(eo) (28)
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)= (s - yleo)le " + yi() @9)

BOER S R RBTUE Y)Y, E RS PR T 1R P

)@ Y(OO) y W 1\? y(t) LL b l;"_-"ﬂ- ﬁg,] IS Llr—g-/\'{,'r s E} 3 W(t)=W:0 ) %f! %
5 % y(0)=0 » \—"Qﬁs«]t‘!‘;ﬁ%’{v i
y( ) = Y€ (o) (30)
1
-=(t-t,)
y(t) =Ye’ (31)

MR B R A R ()= Y, M

(1)

y(t)+2y(t) = wt) + aw(t), y(1)=4 t=1
FH AW =1 mhyn) s g sk A eI YO R 2

2%
ke R Ak L
y(t)+2y(t)=
V() =Y+ Vot) » 2 Y02 yu()is & Al i
V() +2y,(t) =
V,(t)+2y,(t)=

BFEHHL? - 24y, ()+ 2y, () =071 DA A2t A +2=0 0 &
P E A EE =20 KEFy ()= A B aBE2]P 0 Loy 5 F
oo ple Y (1) +2y ()= 47 @ y0=2> bt e HHB]Y BN 2R

y(t):Ae’2t+2 PRI A B Y(1)=4 T F AeT+2=4 T A=26" > & F

16> y(t)=(2e?)e?+2=2e D +2 -
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(1)

- FEE A AR N AT

I

yt)+2y(t) = w(t)+aw(t), y{1)=4 t=21
FH W) =10 B Y05 R F sl GRS TS PR 0
HEREF g ® 2 F 1% (29)0 kofor f s gy st y(t) -
Eg‘:{: :
B W) =18 RSt R E A e T

y(t)+2y(t) =
;}"—L/fd(( ﬁ_‘?_}\‘a/i"'z O ;}"—"—f!’(’}ﬂ‘A —2 %Fl)”)‘#ﬁ ’/]<0, MT|,( Lbﬁ&x{
- BAET kLo gt rh oy d (25)F frp?ﬁ“#‘gg;r:—%:a 24 Q7)EkaE

y(oo):b(iT\fvzz v Bl e b A IR y(1)=ye=4 0 TF 1 H (29)R ) 51 :

V)= (o = vl ™+ ylen) = (a2 4 2= 2670 2

44«
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